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RADII OF CONVERGENCE AND INDEX FOR
p-ADIC DIFFERENTIAL OPERATORS

PAUL THOMAS YOUNG

ABSTRACT. We study the radii of p-adic convergence of solutions at a generic
point of homogeneous linear differential operators whose coefficients are an-
alytic elements. As an application we prove a conjecture of P. Robba (for a
certain class of operators) concerning the relation between radii of convergence
and index on analytic elements. We also give an explicit factorization theorem
for p-adic differential operators, based on the radii of generic convergence and
the slopes of the associated Newton polygon.

1. INTRODUCTION

Motivated by the recent results of P. Robba [10, 11] relating the index of
p-adic linear differential operators to the generic radius of convergence of their
homogeneous solutions, in this work we make a detailed study of the radii of
p-adic convergence of such solutions at a generic point. We then use the infor-
mation obtained to verify that the index-radius formula conjectured by Robba
[10, §4.13] does indeed hold for a certain class of operators. In addition, we use
the correspondence between radii of convergence of solutions and slopes of the
associated Newton polygon to describe an explicit factorization of linear dif-
ferential operators, which is an extension of the factorizations given in [5]. We
conclude with several other applications, demonstrating in particular how these
results give information concerning the description of solutions unbounded in
the generic disk and of solutions at irregular singular points.

It has been known for some time [5, 8] that there is a factorization of linear
differential operators corresponding to the filtration of the solution space near
the generic point according to radius of convergence and growth conditions. B.
Dwork and P. Robba have also shown that there is a factorization related to the
associated Newton polygon [5, §6.2.3.3]. However, this latter result treated only
the first side of the Newton polygon, and the relation between these two fac-
torizations remained unclear; furthermore, there have been no general methods
for determining the precise radii of convergence of solutions at a generic point,
or for determining when distinct radii of convergence will occur. In addition to
giving exact formulae for the radii of convergence, the present work also pro-
vides a connection between several objects associated to a p-adic differential
operator, in particular, the index, the radii of convergence of solutions at the
generic point, and the Newton polygon. Our main result (Theorem 3.1 below)
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gives the relationship between the slopes of the Newton polygon and the radii
of convergence of solutions at generic points. This result is the first we know
of that gives formulae for the exact radii of generic convergence of solutions
for such a wide class of operators, without any hypothesis on the existence of
Frobenius structures. In Corollary 4.1 we reiterate this result in terms of the
factorizations of the operator, providing the connection between the factoriza-
tions of §§4 and 6 of [5]. Corollary 4.3 shows the relationship between radius
of generic convergence and index on analytic elements.

In [12] Robba has conjectured a formula for the index on #Z1(1)k+! of
the kth symmetric power of the p-adic Bessel operator, based on a conjecture
concerning the effect of ramification of the variable on the index [11, §8.3].
In [13] we have used the methods found in this paper to show that for the
odd symmetric powers of the Bessel operator, this latter conjecture is indeed
true relative to sufficiently small disks about the irregular singular point at oo .
We believe that these methods and the methods of Robba [11] will allow us to
extend this result to the even symmetric powers as well. We intend to return to
this question in a future paper.

The results of this paper represent a portion of the author’s doctoral disserta-
tion [13]. The reader is referred to [13] for more complete details and additional
remarks. The author would also like to thank A. Adolphson for many helpful
conversations during the entire course of this work.

2. NOTATION AND PRELIMINARIES

Let K be an algebraically closed field of characteristic zero, complete under a
nonarchimedean valuation, ord, which is normalized so that ordp = 1, where
p > 0 is the characteristic of the residue class field of K. We imbed K in
an extension field Q which is algebraically closed, complete under a valuation
extending that of K, linearly disjoint from K(x) over K, and whose valuation
ring contains a unit ¢ whose image 7 in the residue class field is transcendental
over the residue class field of K. We also suppose that the absolute value thus
induced on Q by ord is normalized so that |p| = p~!; therefore if x € Q
is such that |x| = r, then ordx = —logr, where log refers to the usual real
logarithm to the base p. Also, throughout this paper we will adopt a fairly
standard notation, using 7 to denote a solution in K to n?~! = —p.

Let

Q%] = {Ix] : x € Q\ {0}}

be the multiplicative group of values of Q*. By our hypotheses |Q*| is dense
in R*. For a € Q and r € |Q*| we define the circumferenced and uncircum-
ferenced disks

Ba,r)={xeQ:|x—a|<r},

Ba,r)={xeQ:|x—-a|<r}.

If c € K, we say that t € Q is a (c, r)-generic point if |t—c| =71 > 0
and B(t,r")NK = @&. The disk B(z, r~) is called a (c, r)-generic disk.
(In Robba’s terminology [10], ¢ is called a generic point on the circumference
C(c,r), and B(t, r™) is called a generic disk of the circumference C(c, r).)
By our hypotheses on Q there exist (c, r)-generic points for every ¢ € K and
every r € |Q*|.
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We now define, for each ¢ € K and r € R*, an absolute value |- |c(r) on
K(x) as follows: For f € K[x], write f =3 a;(x —c)' and define

|f1e(r) = sup |a|r'.
]

We extend the definition of |- |.(r) to rational functions & = g/f by setting

|hle(r) = 18le(r)/1.f1e(r),

where f, g € K[x]. It is well known that this definition is independent of
the choice of g, f, and that in fact |k|.(r) = |h(¢)| for all h € K(x) and all
(c, r)-generic points ¢. We define E. , to be the completion of K(x) under
the norm |-|.(r) ; the K-algebra E. , is then a (nonarchimedean) Banach space
over K. Note that the field Ey , is precisely the field E described in [5].

A subset 4 of P(Q) is said to be a (c, r)-very standard set if A is a union
of sets which are either of the form B(a;, r~) with |a; — c| < r, or the set
B(c, r*)¢. (In [5], Dwork and Robba have used the term “very standard set” to
describe what would be called a “ (0, 1)-very standard set” in our terminology.)

If A is a subset of P(Q) with d(A4, A°) > 0 (in particular, if 4 is a very
standard set), we define R(A) to be the set of all f € K(x) which as func-
tions on P(Q) have no poles on A. A function f: A — Q is an analytic
element on A if it is the uniform limit on 4 of a sequence in R(A4); we de-
note the set of analytic elements on 4 by H(A). The K-algebra H(A) is
then a (nonarchimedean) Banach space over K under the supremum norm
lfll4 = supye4 | f(x)| . The advantage of working with very standard sets is that
if 4 isa (c, r)-very standard set and f € H(A), then |f|c(r) = ||f]l4; this is
easily verified for f € R(4) and extended to f € H(A4) by continuity.

If A is a subset of P(Q) with d(A4, A°) > 0, we define M(A), the field of
meromorphic elements on A, to be the field of quotients of the integral domain
H(A). We extend the absolute values ||-|4 and |-|.(r) to M(A) in the natural
way: for h = g/f we set

1204 = lgla/lfNas  |hle(r) = 18le(r)/If1e(r).
If A contains a (c, r)-very standard set, then we have natural inclusions H(A)
C M(4)CE,,,.
If A C P(Q) satisfies d(A4, A°) > 0 and h € K(x), we define ords/ to
be the number of zeros of # on 4 minus the number of poles of # on 4,
counted with multiplicity. As conventions we will also write

ord; (h, r) = ordg(, r h,

ord; (h, r) =ordgy, ) h,
ord, h = ordgy h.
If A4 is a (c, r)-very standard set and » € H(4), h # 0, then & has only
finitely many zeros on A4 (again by a straightforward continuity argument from
R(A) to H(A)). It therefore makes sense for us to extend the definition of
ord4 h to the case where h is a meromorphic element on a very standard set
A by setting ord,h = ord, g —ord, f, where h = g/f with g, f € H(A).
For linear operators L : H(A) — H(A) we have the operator norm

ILll.a = sup||LAll4/llA]lL4
h#0
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and if A is a (c, r)-very standard set we may also define
ILllc,r = sup |Lh|c(r)/|hlc(r).
h#0

Again, if 4 isa (c, r)-very standard set then ||« |.., = |4-

If V is a vector space and L : V' — V is a linear transformation, then L
is said to have an index on V if the kernel and cokernel of L are both finite
dimensional; in this case the index of L on V is defined to be

x(L; V)= dimker L — dimcoker L.

The reader is referred to [8, 9] for some of the basic properties of indices. In
addition, we will also need the following propositions.

Proposition 2.1. If A is a (c, r)-very standard set and f € H(A), f#0, then
multiplication by f is injective and has index y(f; H(A)) = —ord, f, and has
a continuous left inverse ¢ : H(A) — H(A) with ||¢|.., < |f|c(r)"1 .

Proof. Robba has already proved these results in the case where f € R(A4) (see
[9, Lemma 3.3; 11, Lemme 3.4]). The proof for elements of H(A) may be
obtained from these results with the aid of [8, Lemmas 4.3 and 4.4], and the
fact that nonzero elements of H(A) have only finitely many zeros on 4.

Proposition 2.2. The formal derivative map D = (d/dx) : K(x) —» K(x) ex-
tends uniquely to a continuous map (also denoted by D) from E. , to itself.
Furthermore, for each m € Z* and f € E. , we have

|fOe(r) < 77 |ml] - | fle(r).
Proof. This is a simple modification of the proof of Proposition 2.1.8 of [2].

It follows that if 4 isa (c, r)-very standard set then the derivative map may
be extended to a map D : M(4A) - M(A). If A is a (c, r)-very standard set
we define &4 (resp. %R, ) to be the (noncommutative) Euclidean ring H(A4)[D]
(resp. M(A)[D]), which we identify naturally with the ring of linear differential
operators with coefficients in H(A4) (resp. M(A)). We also define R, , to be
the ring E. ,[D]. Note that there are natural inclusions &, C R4 C R, ,. We
also note [8, §1.11] that if L =3 h;D' € R, ,, then

IZlle,r = max{r=*]i!] - [hile(r)}.

We may consider the elements of %, , (resp. &,) as linear transformations
on E. , (resp. H(A)); however, as linear operators the elements of R, need
not be stable on H(A). Therefore our index results will be phrased in terms
of elements of ®,, although for purposes of generality we will phrase our
convergence results in terms of elements of R, ,.

Let L =qgyD"+q:D""'+---+¢q,_1D+q, be a monic element of R, ,. The
primary focus of this work is to determine the exact radii of convergence p(u)
of solutions u(x) of the homogeneous equation Lu = 0 which are analytic
in a neighborhood of a (c, r)-generic point ¢. Following Robba [10], since we
wish to relate this to the index of elements L of &, on H(B(c, r¥)), we will
use xE(L, r) to denote this index, and for first order operators we denote by
pc(L, r) the radius of convergence of the nontrivial solutions of Lu =0 at a
(c, r)-generic point ¢.
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To generalize this definition for nth order operators L as above, we define

pe(L, r) =sup{p(u1)---p(un)},

where the supremum is over all sets of n linearly indenendent solutions
{ur, ..., un} of Lu=0 at ¢t. We note that by Lemma 3.3 below, the supre-
mum is actually a maximum, since the set of possible values for the p(u;) is
discrete. A basis of solutions B = {u;,...,u,} of L at ¢t for which the
maximum is attained will be called an optimal basis for the kernel of L at ¢.

Our aim will be to relate the radii of convergence of the elements in an
optimal basis for L at ¢ to the absolute values of the roots of the polynomial
Ay(L) € Q[A] defined by

A(L)(A) = qo()A" + (A" + - + gu1 (DA + 4 (1)

Since |A(t)| = |h|c(r) for all (c, r)-generic points ¢ and all & € E, ,, the
magnitudes of the roots of A,(L) are independent of the choice of ¢. By means
of left multiplication by g, ! we may assume that L is monic (i.e., go = 1)
without affecting the roots of A,(L) or the solutions at .

3. THE CONVERGENCE THEOREM

We now state our principal result.
Theorem 3.1. Let L = D" + ¢D"~' +---+ g, € R, and let t be a (c, r)-
generic point. Then there exists an optimal basis B for the kernel of L at t

and a one-to-one correspondence between the roots of A,(L) and the elements of
B such that

(1) Corresponding to every root A of A/(L) satisfying |A| > r~! there is an
element of B which converges exactly on the disk

(3.1) ord(x — t) > ;)—i—l +logli|,

and is bounded on this disk.
(i1) Corresponding to every root A of A,(L) satisfying |A| < r~! there is an
element of B which converges at least on the disk

(3.2) ord(x —t) > p—i—l +ord(t —¢),

and is bounded on this disk.
Before we prove this theorem we need some preliminary results.

Lemma3.2. Let L=D"+¢q, D" '+.--+q, € R, , andlet t bea (c, r)-generic
point. Let p € (0, r] and define a norm || - ||, on R, , by

”Z amD’”Ilp = sglp{lm!lp"”lamlc(r)}.

Then if |RoL—1||, is bounded away from zero independent of R € R, ., there
exist nontrivial solutions of L at t which converge at least on the disk B(t, p~).

Lemma3.3. Let L=D"+q D" ' +---+g, €R., andlet t bea (c, r)-generic
point. Then for each p € (0, r], there exist unique monic elements M, N € R, ,
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such that L = No M and M annihilates precisely those solutions of L which
converge at least on the disk B(t, p~) and are bounded on that disk.

Proofs. These results are generalizations of some results of Robba [8, §2], which
he proved in much greater generality for the case ¢ =0, r = 1. To obtain the
proofs of these results for general ¢ and r requires only a minor modification
of Robba’s proofs.

We now give the proof of Theorem 3.1 in the case n=1.

Lemma 34. Let L € R, , be the monic first-order operator L= D +q .

(1) If q satisfies |(x — ¢)q|.(r) > 1, then the nontrivial solutions u(x) to
Lu=0 neara (c, r)-generic point t converge and are bounded on the disk

(3.3) ord(x — ) > 1)%1 + log|g|.(7),

and this is the precise disk of their convergence.
(ii) If q satisfies |(x — c)q|.(r) < 1, then the nontrivial solutions u(x) to
Lu =0 neara (c, r)-generic point t converge at least on the disk

(3.4) ord(x —¢) > p—i—l +ord(t —¢),

and are bounded on this disk.

Proof. Let u(x) be a solution to Lu = 0 which is analytic in a neighborhood
of ¢, and which is normalized so that u(¢z) = 1. Since Du +qu = 0, we
may define functions {b,}m>o such that D™u = b,u. We find that by =1,
b, =—-q, b, =q*—-q', and, in general, for m > 0 the b,, satisfy the recursion
formula

(3.5) Brst = —abm + bl

Since each b,, is a polynomial in ¢ and its derivatives with integer coeffi-
cients, it follows that b,, € E. , for all m. Therefore, since ¢ isa (c, r)-generic
point, we have |b,,(t)| = |bm|c(r) . By Taylor’s theorem, in a neighborhood of ¢

we have -
u(x) = 30 20 gy,
m=0
since we assume u(¢) = 1. We will determine the radius of convergence of u
by computing |by,|.(7) .

First suppose that g € E. , satisfies |(x — ¢)q|.(r) > 1; we therefore have
lgle(r) > r~!. Since b, € E. ,, Proposition 2.2 shows that |b},|.(r) <
r~Ybm|c(r), while on the other hand we have |—gbp|c(r) > r~'|bm|c(r) for
all m. By applying induction to (3.5), we find that |b,|.(r) = |¢™|.(r) for
all m > 0. Therefore, from the Taylor expansion of u, it follows that u(x)
converges and is bounded on the disk given by (3.3), and that this is the exact
domain of convergence for all solutions at ¢.

In the case where |(x — c)g|.(r) < 1, a similar induction argument applied
to (3.5) shows that |by|.(r) < r~™ for all m. It then follows from the Taylor
expansion of u that the solutions of L at ¢ all converge on the disk (3.4) and
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are bounded on this disk; however, it is possible that they may converge on a
larger disk.

Proof of Theorem 3.1. We proceed by induction on the order of L. We have
already proven this theorem in the case where n = | (Lemma 3.4). Suppose
then that #» > 1 and assume that the theorem has been proven for all monic
elements of M. , of order less than n. Let L € R, , be as in the statement
of the theorem; then if u(x) is any solution to Lu = 0 which is analytic in a
neighborhood of ¢, there are uniquely determined functions {b,(,’,)} for m>0
and 0 < j < n such that

D™u = bl Vu= 4 1 W + B u.
(Here uY) denotes D/u, but b3 need not denote D/bY.) We find that

By = m,j for 0 < m < n—1, and that for all m > 0 the functions b
satisfy the recursion relation

. /! .
36) by = =@n-iby "V + by + b (1< j<n),
° !
by = —anby " + B3

From these formulae it is clear that each b’ € E.,.

If every root A of A,(L) satisfies |4| < r~!, it follows from the theory of
Newton polygons that |g;|.(r) < r~/ forall j. From (3.6) it is then easy to ver-
ify that |b,(4)|c(r) < ri~m forall j and m, using Proposition 2.2. Considering
the Taylor expansion of u at ¢ and using the definition of the b we conclude
that in this case every solution of L at ¢ converges at least on the disk (3.2)
and is bounded there. In this case, any optimal basis satisfies the conditions of
the theorem. The theorem is therefore proven in this case.

For the remainder of this argument we will therefore suppose that A,(L) has
at least one root with absolute value larger than r~!. We let y be a root of
maximal modulus and let ¥ be the number of roots of modulus |y|; then by
the theory of Newton polygons we find that

|giclc(r) = 171,
(3.7) lgjle(r) <y} forl<j<k,

|gjlc(r) < |y} forx <j<n.
From these inequalities, by applying induction to (3.6) one may easily verify that
161:(r) < |7|m=J for all m and j, and that |b%|.(r) < |y|™/ for j<n—k
when m > n. Therefore, every solution at ¢ converges at least on the disk
ord(x —t) > 1/(p — 1) + log|y|, and every soiution is bounded on this disk.

We now claim that the equality |b§,’,'_”|c(r) = |y|™*!=" holds for infinitely
many m € Z* : First, we note that it holds for m = n — 1. Now suppose that
m > n and that |b7"P|(r) = [y|™" but b5 "|c(r) < |p|™*'=". Then by
applying induction to (3.6), using (3.7) and the estimate |bf,’,)|c(r) <|y|m=/ for
J <n—kx,we obtain |BS=)|.(r) = |y|™**=" . Now let j be minimal such that
Ibf,','“’)lc(r) = |p|™*/="; then 1 < j < k. Then (j — 1)-fold application of the
recursion formulae (3.6) leaves us with
byt e(r) = [y,

which verifies our claim.
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It follows that if ¢ € Q and 0 < |¢| < |p|, then the set By = {vo, ..., Vy—1}
of solutions at ¢ which are normalized by the conditions

v (1) = 8;8"') for0<j<n—1,

" ()=1 for0<i<n-—1

is a basis of solutions at ¢ which all converge and are bounded exactly on the
uncircumferenced disk given by ord(x —¢) > 1/(p — 1) + log|y|.

This shows that at least one solution of L at ¢ has ord(x—¢) > 1/(p—1)+
log|y| as its exact disk of convergence. We now show that if A,(L) has roots
of absolute value less than |y|, then L has solutions with radii of convergence
strictly greater than those in B .

Suppose that 0 < k < n, where as before k is the number of roots of A,(L)
of absolute value |y|, and all other roots have smaller absolute values. Then
there exists o < |y| such that

|Giclc(r) = I7I*,
(3.8) lgile(r) < y]" for1<i<xk,
|gile(r) < |y|*a’™™ fork <i<n.
We set jo = n — k, and note that jy > 0. Choose p such that ¢ < |y|,
o >r~!, and ¢ > o. We will show that L has solutions converging on the
disk ord(x —t) > 1/(p — 1) +logo by applying Lemma 3.2 with p = |n|p~!.
Suppose that Ro L = Q and write this equation explicitly in the form
(3.9) (8oD™ + D" 4+ gm) o (D" + D" + -+ gy)
. =h0Dm+n+thm+n—l+“‘+hm+n,

which gives the relations

(3.10) e S

I+j=k
0</<i<m
0<j<n

for 0 < k < m + n, with the convention gy = 1. In order to obtain a contra-
diction we assume that ||Q — 1||, < 1. This implies that |Ap., — 1]c(r) <1, so
|Amsnlc(r) = 1. Now from (3.10) we have

Ponin = &mln + Em—1dy + - + 804\

However, from (3.8) and Proposition 2.2 we also have

a3”1e(r) < r Y| a R < [y gt

for 0 < i < m (the strict inequality holds for i = 0 since jo > 0). So since
|Amsnlc(r) = 1, there must be an index i, 0 < i < m, such that |gm—_;|.(r) >
7o~ g o~

Let iy be any index, 0 < iy < m, such that the expression @/|gm—|(r)
attains its maximal value when i = iy. Set ko = jo + ip, and note that ky > 0
since jo > 0. By the result of the previous paragraph, we have |gm—;,|c(r) >
|y[e="0 % . We now proceed to show that ||Q — 1|, > 1.
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From (3.10) we have

i i—1
(3.11) hminty = 3. (1) Em-iqy ) -
I+j=ko
0<I<i<m
0<j<n
Since 0 < ¢ < |y| and ¢ > r~!, equations (3.8), Proposition 2.2, and the
definition of jj together imply that in each term in the sum (3.11), the factor

q,(,’__ }) satisfies
- .
gy~ Ple(r) < @77 gn—jyle(r)
except for the term in which ip = i = /, in which case we have the trivial

equality. Then by considering the definition of iy, we find that each term in
the sum (3.11) for h,,,,_, satisfies

i i
<l> gm—-iq,(ll_j[)

except for the term g, qn—j, itself.

Therefore we have |y, n_iylc(r) = |&m—io@n—jolc(r). From the definitions
of ip and jo we find |Apyn_klc(r) > 0% . Since m+n —ko # m+n, for
p=|n|o~' we have

1Q — 1, > [ko!l|m] ™ 0" B kg (r) > 1.

This obviously contradicts the assumption that ||Q — 1||, < 1. Therefore, by
Lemma 3.2, there exist solutions of L at ¢ which converge at least on the disk
ord(x —t)>1/(p—1)+logo .

Thus we have shown that if A,(L) has roots of absolute value less than |y|,
then L has solutions at ¢ with radii of convergence strictly greater than those
in By. Therefore, if L has no solutions at ¢ which have greater radius of
convergence than those in B, then B, is an optimal basis and every root of
A;(L) has absolute value equal to |y|. The theorem is therefore proven in the
case where B is an optimal basis.

We will now show that if 9B, is not an optimal basis, then A,(L) has roots
of absolute value less than |y|. For this we will need to use the induction hy-
pothesis. Suppose that there exist solutions of L at ¢ which converge on a disk
which properly contains the circumferenced disk ord(x—¢) > 1/(p—1)+log|y|.
Then by Lemma 3.3 there is a monic right factor M of L (with coefficients
in E. ,) which annihilates precisely those solutions. By our hypotheses, if v
is the order of M then O<v < n.

We write the equation N o M = L more explicitly in the form

(D" + g D" bt gy) o (DY + ADYT 4+ )
=D"+q D"+ +qn,

(r) < |&m—ig@n—jole(r),

4

(3.12)

from which we may deduce the relations

(3.13) Gk = (;)gn_u_ifj’_‘j’)

I+j=k
0</<i<n—v
0</<v
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for 0 <k <n. (Hereweuse go = go = fo = | asconvention.) Since v < n, we
may apply the induction hypothesis to M to conclude that every root of A;(M)
has absolute value less than |y|. It follows that |fj|.(r) < |y}/ for 1< j<wv.
Therefore, in equation (3.13), the expressions ff,i_'jl) in the terms of the sum
for g,_; all satisfy

(3.14) 7 1e(r) < [yl =k
except when j = v and i = /, in which case we have the trivial equality
-1,

We first proceed to show that |g;|.(r) < || for 0 < i < n—v. Supposing
this does not hold, let /; be maximal such that |g,—,_;|.(r) > |y|*~*~'. From
(3.13), we see that for j =v, [ =i,and Kk =i+ v, we have g,_,_; as a
term in the sum for ¢g,_; , and by (3.14) we find that all other terms in this sum
have strictly smaller absolute value. Thus |g,_|c(r) = |gn_wvilc(r) > |7|"*,
contradicting (3.7). Therefore we must have |g;|.(r) < |y|* forall i.

Having defined v > 0 to be the order of M, and x to be the number of
roots of A,(L) of absolute value |y|, we set u = n—x . We will now show that
U=v.

Suppose 0 < k < v. Then every term in the sum (3.13) for g,_, must have

J < v, so by (3.14) in these terms we have |f,,(i__j[)|c(r) < |y|**=*. From our
estimate for |g;|.(r) we then find that |g,_g|.(r) < |7|"~*. Then (3.7) shows
that k # . Thus u is not less than v .

Suppose k > v . Then the terms in the sum (3.13) for g,_, all satisfy

(7) grmsmi £

with equality holding if and only if v = j, i =/, and |g,—,—i|c(r) = |p|" 7V~ =
|y|*=k . Since |@n—pulc(r) = |7|"#* and u is minimal with this property, it follows
that |g,—,|c(r) = |7|""# and u is also minimal with this property.

Suppose then that x4 > v. We have |g,—,lc(r) = |7|"™#, and |g,—klc(r) <
|y|*~* for v < k < u. Then A,(N) has n — u roots of absolute value |y| and
u — v roots of smaller absolute value. By applying the induction hypothesis to
N, we find that there is exactly a (u — v)-dimensional subspace of solutions to
N u =0 which converge on a disk which properly contains the circumferenced
disk ord(x—17) > 1/(p—1)+log|y|. It follows from Lemma 3.3 that N factors
in R, , as N =N, o N, where N; annihilates precisely those solutions of N
converging on a disk properly containing the disk ord(x—¢) > 1/(p—1)+log]y|,
and so is of order u — v. But then by the induction hypothesis the roots of
Ai(N;) are all of absolute value strictly less than |y|. Thus we have L =
Nyo(NjoM), where NyoM isof order u; it is also easy to verify, by relations
similar to (3.13), that all the roots of A,(N; o M) have absolute value less than
|y|, using the fact that N; and M each have this property. Therefore N, o M
(and hence L) has a u-dimensional space of solutions converging on a disk
properly containing ord(x —¢) > 1/(p— 1) +log|y|, contradicting the definition
of M and v. Therefore u =v, and |g,—,|.(r) = |y|"7".

We are now able to construct the one-to-one correspondence described in the
theorem. We recall that the solutions of M at ¢ are precisely the solutions of

(r) < Ik,

4
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L at t which converge on a disk which properly contains the disk ord(x — ¢)
>1/(p—1)+log|y|, and that our induction hypothesis states that the theorem
holds for M. Therefore let B, = {u;,...,u,} be any optimal basis for
the kernel of M at ¢ which satisfies the conditions of the theorem for M . It
follows from the definitions of By and of M that %8, may be extended to form
an optimal basis B for the kernel of L at ¢ by including n — v elements of
By, chosen so that B remains independent. To establish the correspondence
for L, we first require that the n — v roots of A,(L) of absolute value |y|
correspond to the n — v elements of 8 which were adjoined from B . Since
|y] > r~! and the elements of B all have ord(x—¢) > 1/(p—1)+log|y| as their
exact disk of convergence, the conditions of the correspondence are satisfied for
the roots of A,(L) of magnitude |y|. Finally, since the correspondence between
the roots of A,(M) and the elements of B, satisfies the required condition by
the induction hypothesis, to complete the proof of the theorem for L it suffices
to show that the absolute values of the roots of A,(M) are exactly the same as
the absolute values of the roots of A,(L) which are smaller than |y|.

Suppose then that A,(M) has exactly / roots of absolute value o. Then
o < |y|, and by the theory of Newton polygons there exists an integer j with
0<j-1<j<v such that

|fojle(r )—A>0"“j,

(315) |ﬁ/+1 jl(
|- z|c(r)<A o/ fOI'j—ZSiSj,
|fiile(r) < A-a/" forO0<i<j-1 or j<i<uw.

Then by applying (3.13) we find that
[@n—jle(r) = 18n—v fo—jle(r) = A P|"7",
|gns1-jle(r) = 18n- v fosi- jle(r) =A'|V‘n_uala
(3.16) |Gn—ile(r) < |8n—v fonile(r) S A-|y|" "/~ for j—1<i<j,
|gn—ile(r) < |8n—v fuile(r) < A-|y|" "o/~ for0<i<j—-I
orj<i<uw.

Finally, if v < i < n, then since A > ¢*~/ and |g,—i|.(r) < |y|*~%, we may
write

(3.17) gn—ile(r) <A |y"" 0’

By the theory of Newton polygons, equations (3.16) and (3.17) imply that A,(L)
has exactly / roots with absolute value equal to o, as desired. Therefore, we
have proven that L satisfies the conditions of the theorem. By induction, the
theorem holds for all monic elements of R, ,, and the proof is complete.

Remarks. Although all optimal bases for the kernel of L at ¢ have correspond-
ing solutions with the same radii of convergence, in the above proof we have
taken care to select a particular optimal basis B so that the elements of B
which do not converge for ord(x —t) > 1/(p — 1) + ord(¢ — ¢) have uncircum-
ferenced disks as their exact disks of convergence. We do not know whether
the conditions of this theorem hold for every optimal basis 8 ; in particular,
we know of no example of a linear differential operator having a solution at a
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generic point whose disk of convergence is circumferenced. It should be noted
that if the absolute values of the roots of A,(L) which are larger than r~! are
all distinct, then every optimal basis for the kernel of L at ¢ has the required
property.

In [13] we have also shown that indeed every optimal basis for the kernel
of L at t does satisfy the condition of this theorem when the operator L
is of order two. Therefore, we can conclude that the disk of convergence is
uncircumferenced for all solutions at ¢ which do not converge on the disk (3.2)
when the order of the operator is two or less. We conjecture that this is true for
all LeR, ;.

The alternate method of proof for operators of order two given in [13] is
based on an analysis of the continued fraction expansion for a solution to the
Riccati equation associated to a second-order linear operator (cf. [6, §7.5]).
There we showed that if L is of order two and A,(L) has roots of distinct
absolute value with at least one root larger than r~!, then the larger of the two
radii of convergence is determined exactly by the rate at which the continued
fraction converges to a solution of the Riccati equation. Unfortunately this
method does not readily extend to operators of order greater than two.

4. APPLICATIONS

We first combine the results of Theorem 3.1 and Lemma 3.3 and rephrase
them in terms of the Newton polygon of A,(L), showing the complete rela-
tionship between the factorization of the type described by Lemma 3.3 and
factorization according to the slopes of the associated Newton polygon (cf. [5,
§6.2.3.3]).

Corollary 4.1. Let L be a monic element of R, , andlet t be a (c, r)-generic
point. Suppose that my < my_; < --- < my are the slopes of the Newton polygon
of A/(L) and that the side of slope m; has horizontal length of projection n;
for 1 < i < k; suppose further that m; > —log r for 1 < i < j, and set
n' =nj. +---+ ng. Then there exist monic elements Ly, ..., L;, L' of R,
of orders ny, ..., nj, n', respectively, such that

L=Lio---oLjolL"

Furthermore, L' annihilates precisely those solutions of L at t which converge
at least on the disk ord(x —t) > 1/(p — 1)+ ord(t —c¢), and for 1 <i < j the
product L) = Ljo---0L;o L’ annihilates precisely those solutions of L at t
which converge at least on the disk

1
ord(x — t) > FE + m;.
Proof. The conditions on the Newton polygon of A,(L) imply that A,(L) has
precisely n; roots of absolute value p™: for each i. Since the absolute values of
the roots corresponding to the slopes m;,,, ..., my are no larger than r=', we
see from Theorem 3.1 that there is exactly an »’-dimensional space of solutions
converging at least on the disk (3.2). By Lemma 3.3 there is a unique monic
right factor L’ of L (of order n’) which annihilates precisely those solutions.
Applying Theorem 3.1 to the remaining roots of A,(L) shows thatfor 1 <i < j,
the space of solutions converging at least for ord(x —¢) > 1/(p — 1) + m; has
dimension n;+---+n;+n’. Then by Lemma 3.3 there is a unique monic right
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factor L) of L (of order n; +---+n; +n') which annihilates precisely these
solutions. From the uniqueness statement we see that L’ is a right factor of
each L) and that L(2) is a right factor of L(!) whenever 1 < i; < i, < j.
This gives the required factorization.

We now connect the above results on radii of convergence with cerain prop-
erties of the index of a differential operator to give a partial proof of the index-
radius conjecture of Robba.

Proposition 4.2. Let L = goD" + gtD" ' +---+ g, € &4, where A isa (c, r)-
very standard set. Suppose that every root 1 of A(L) satisfies |1 > r='. Then
L is injective and has an index as an operator on H(A), and that index is given
by the formula
x(L, H(A4)) = —ord,(gn).

Proof. We note that the condition on the roots of A,(L) implies that | g,]|.., >
IIL — gnllc,r as operators on H(A), by the theory of Newton polygons. It then
follows from Lemma 4.4 of [8] and Proposition 2.1 that L is injective and that

x(L, H(A)) = x(gn, H(A)) = —ord 4(gn)-

Corollary 4.3. Let A= B(c,R*) andlet L= goD" + D" '+ .- -+ g, € &,.
Suppose that, for some ry < R, every root A of A, (L) (where ty is a (c, ro)-
generic point) satisfies |A| > ry L. Then the formula

dlogp.(L,r)\*
(4.1) (FERLL) () +ord (oo, 1)

(conjectured by Robba in [10]) holds for L and for all r € |Q*| sufficiently close
to rg.

Proof. It follows from Theorem 3.1 that for all r € |Q*| sufficiently close to rg

we have "
n 8o
L,r)= —| =" {=|(r
pettn =I1 |7 = o1 |52 0
(where 4;, ..., 4, are the roots of A,(L), ¢ being a (c, r)-generic point), so

from the well-known relation [1, Proposition 4.3.2]
dlog|fle(n\* 4
<7To—gr_ = ord; (f, r),
we may deduce that

dlogpe(L, r)\* _ (dlog|go/gnle(r)\* _ | 4= (@ r)
dlogr dlogr “\g’

= ord; (g0, r) — ord; (gn, ).
But by Proposition 4.2 we find that for such r,
XE(L,r) = —ord; (g, 1),
from which the corollary follows.

Formula (4.1) was proven by Robba for operators of order one [10], and it was
conjectured that this formula should hold for operators of any order provided
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the operator has no solution at a (c, ry)-generic point ¢ which converges for
ord(x—1) > ord(¢t—c) . The above corollary asserts that the formula holds under
the stronger assumption that there is no solution converging for ord(x —¢) >
1/(p—1)+ord(t —c); this condition is equivalent to the condition that all roots
A of A,(L) satisfy |4| > ry"', by Theorem 3.1.

As further applications of Theorem 3.1 we present two results concerning the
description of the solutions of linear differential operators.

Corollary 44. Let L € R ,, and let t be a (c, r)-generic point. If L has an
unbounded solution at t then that solution converges on an uncircumferenced
disk which properly contains the disk

1
(4.2) ord(x —¢) > o1 + ord(¢ — ¢).
Proof. From Theorem 3.1(i) we see that solutions at ¢ which do not converge
on the disk (4.2) are all bounded. Furthermore, if a solution converges at least
on the disk (4.2), it is bounded on this disk by Theorem 3.1(ii); therefore such
a solution must converge on a strictly larger disk. But if an analytic function is
unbounded, then its disk of convergence must be uncircumferenced.

Corollary 4.5. Let L € R, ,, and let t be a (c, r)-generic point. For p € R*
let 6(t, p) be the dimension over Q of the space of solutions of Lu =0 which
converge at least on the disk
1
ord(x —¢) > -1 + log p.

If furthermore L € R, for some (c, r)-very standard set A which contains
B(c,r), let y, be the dimension over Q of the space of solutions of Lu =0
which are analytic on B(c,r™).

(i) For p>r~', &(t, p) is equal to the number of roots A of A,(L) which

satisfy |A| < p.
(ii) For L € Ry as above, y, < d(t, r ).

Proof. The first result follows immediately from Theorem 3.1. For (ii), first
suppose that u is a solution which is analytic on B(c, r~). Then whenever ¢
isa (c, ro)-generic point with ry < r, we know that u converges on B(fy, ry).
Viewing the coefficients of L as elements of M(B(c, ry)), by Theorem 3.1
there is a corresponding root Ap of A, (L) with |Ag] < 7y U It follows that
P <d(to, ry Y for all (c, ro)-generic points #, with ry < r. Finally, the theory
of Newton polygons implies that if A, (L) has exactly j roots of absolute value
at most ro“l then |g,—;/qn—jlc(r0) < rf,’j for 0 < i < j. Since |h|.(rp) is a
continuous function of ro € (0, r] for h € M(A), we find that y, < d(to, ry h
for all ry < r implies that y, < (¢, r~!) as well, giving (ii). This completes
the proof.

We note that part (i) above implies that, if L € &, is completely soluble
in the generic disk B(t, r~), then every root 4 of A,(L) satisfies |4| < r~!.
Furthermore, if every root 4 of A,(L) satisfies |A| > r~!, then L is completely
insoluble in B(t, r~).

We present the following application to the study of solutions at irregular
singular points as an extension of the idea in part (ii) above. Here we give a
p-adic proof and extension of a classical result.
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Corollary 4.6. Let L = D" + ;D" + ... + g, € Ry, where A contains a disk
about the point c € K ; for 0 < j < n let w; = —ord. q; denote the order of the
pole of q; at x = c, with wo=0. Assume that L has an irregular singularity
at x =c; thus w; — j >0 for some j. Let k be the minimal integer with the
following properties:

(i) The difference w; — j attains its maximal value when j =k .
(ii) Among those indices j for which the above maximum is attained, the
expression

lim (x — ¢)®;(x)
X—C

attains its maximal value when j =k .

Then the space of solutions of Lu = 0 which are analytic near x = ¢ has
dimension at most n — k over Q.

Proof. The hypotheses on L and the definition of k imply that, for all suffi-
ciently small r € |Q*|, we have |gi|.(r) > r~ and |gx/gj|.(r) > r/~* for all
j < k. It follows that A,(L) has at least k roots of absolute value greater than
r~! for all sufficiently small r. By Theorem 3.1, for small r there is at most an
(n — k)-dimensional space of solutions which can converge in B(f, r~). Since
any solution u which is analytic at x = ¢ converges in all (c, r)-generic disks
when r is less than the radius of convergence of u at x = c, the result follows.

This result is an analogue of a well-known principle of operators with irregular
singular points in the complex domain (e.g., [6, §17.11]). If the coefficients of
L are meromorphic and ¢ € C, then the class k' of the irregular singular
point x = c is defined to be the least integer which satisfies condition (i) in
the statement of the above corollary. Then it is known that Lu = 0 has at
most n — k' independent complex regular solutions at x = ¢. This corollary
implies that if L € Q(x)[D] then this classical result is true with k' replaced
by the integer k (defined above) associated to any p-adic imbedding of Q.
The interpretation is that, while n — k' is the degree of the classical indicial
polynomial of L at x =c, n— k is a sharper upper bound for the number of
roots of the indicial polynomial which can be p-integral.

We conclude this article with a specific example. Here we use Theorem
3.1 to explain and analyze the phenomenon of distinct radii of convergence of
solutions of the second-order operator which annihilates the confluent hyperge-
ometric function.

Example 4.7. Consider the differential operator
X a
D - 5
(1-x)" p(l-x)

where a € K satisfies |a| < 1. It has been noted by Monsky that this operator
has solutions with distinct radii of convergence at a generic point ¢ satisfying
|t—1| =1 when a € Z, is not a negative integer. This phenomenon has been
treated by Robba and Dwork in [8, 5], using the fact that for such values of a,
the confluent hypergeometric function

4.3 L,=D*-
(4.3) 7

(a5 057) - g,(l/%):m! (l;x)m
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is a solution of L near x = 1 which converges in B(1, 17), so there is also a
solution which converges and is bounded in B(¢, 17); however, the Wronskian
at ¢ does not converge on B(¢, 17). We will use Theorem 3.1 to show that L,
has solutions with distinct radii of convergence at all generic points ¢ for ¢ =1
under the weaker hypothesis that |a| < 1.

Let ¢ be a (1, r)-generic point and let A, o be the roots of A,(L), with
|A| > |o]. When r < 1 we have |i] = pr~!', |o| = |a|, while for r > 1 we
have || = p, |o| = |ajr~!. We find from Theorem 3.1 that for all r, there is
a one-dimensional space of solutions at ¢ which converge at least for

1
ord(x — t) > -1 +ord(t—1)
and are bounded on that disk; the remaining solutions converge and are bounded
exactly on the disk

ord(x — t) > - +ord(t—1) <resp. ord(x —t) > L)
p—1 p-1

when r <1 (resp. r > 1). Therefore for any a € K N B(0, 1*), the operator
L, has solutions with distinct radii of convergence at every (1, r)-generic point,
regardless of the radius r. We therefore consider the existence of solutions with
distinct radii of generic convergence an analytic property of L, (depending only
on the norms of the coefficients), although for r = 1 the existence of a solution
converging in B(f, 17) is an algebraic property of L, when a € Z,.

We remark that the convergence behavior of L, is slightly different when
la| > 1. If we let |a| = p, for example, then for r < 1 we have |A| = pr!,
|o| = p, while for r > 1 we have |A| = |o| = pr~'/2. So for r < p~! there are
solutions at ¢ with ordinals of convergence

1
p—l—)T +ord(z — 1) and at least -1 +ord(t-1),
respectively; for p~! <r < 1 the ordinals of convergence are

p%+ord(t—1) and 2

1 p—1°
respectively; but for r > 1 all solutions have the same ordinal of convergence
D 1
o1 + 3 ord(z — 1).

In particular, for r < 1, the radii of convergence of solutions at (1, r)-generic
points ¢ are distinct, while for r > | all solutions have the same radius of
convergence.
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